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Eigenpair Derivative with Respect to Boundary Shape
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This work focuses on how changes of boundary shapes affect eigenvalues and eigenfunctions in continuous

systems. The governing equation, plus its boundary conditions for the eigenpair derivatives, is derived using the

±-function method,which can facilitate the differentiationof boundaryconditionswith respect to boundaryshapes.
Even thoughthe eigenproblem equationwith its correspondingboundaryconditions is homogeneous,the governing

equation with its boundary conditions for the eigenpair derivatives may be nonhomogeneous. A transformation
method is proposed to transform the differential equation with nonhomogeneousboundary conditions into a new

problem with homogeneous boundary conditions so that the eigenfunctions form a complete set for this new
problem.The explicit results for the eigenpair derivatives are given, and an example is presented to illustrate the

method and its validity.

I. Introduction

D ESIGN derivatives of eigenpairs with respect to design vari-
ables are particularly useful in the design of structural vibra-

tional systems and attract much interest in research ® elds. Although
design derivatives of eigenpairs with respect to the changes in siz-
ing variables (such as thickness of a plate) have been widely and
deeply investigated, design derivatives of eigenpairs with respect
to the changes in boundary shapes are less developed. Rousselet
and Haug1 formulated the dependence of eigenvalues on the shape
of plates and plane elastic solids. Liu et al.2 and Hu et al.3 pre-
sented a method to formulate the derivativesof eigenpairsof a beam
with respect to in-span support location. Wang4 used the classical
normal modal method to derive the formulas of eigenvalue deriva-
tives with respect to in-span support location. Chuang and Hou5

and Hou and Chuang6 used the material derivative method to de-
rive the formulas of eigenvalue derivatives with respect to in-span
support locations. Liu and Mote7 addressed the discrete approach
for calculation of eigenvalue derivatives with respect to constraint
locationsusinggeneralizedRayleighprinciple.However, the deriva-
tion of eigenpairderivativeswith respect to boundaryshapeappears
to have not been brought to closure. In particular, the derivatives
of eigenfunctions with respect to boundary shapes need to be fur-
ther addressed. In this paper, a method is presented to derive ex-
plicit results for the eigenpair derivatives with respect to bound-
ary shape variables. The d -calculus method is used to facilitate
the differentiation of the boundary conditions with respect to the
boundary shapes. Even though the eigenproblem equation with its
correspondingboundary conditions is homogeneous, the governing
equation with its boundary conditions for the eigenpair derivatives
may be nonhomogeneous.A transformation method is proposed to
transformthe differentialequationwith nonhomogeneousboundary
conditions into a new problem with homogeneous boundary con-
ditions so that the eigenfunctions form a complete set for this new
problem. An example is presented to illustrate the method and its
validity.

II. Technical Description
The closed, bounded, and regular domain of an elastic structure

is denoted by ÅX for which the interior is X and boundary is C . A
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typical point in X is denotedby x . The class of eigenvalueproblems
under discussion is de® ned through the operator equation

L[wi ] ¡ k i Mwi = 0 x 2 X (1)

Br [wi ]d (x ¡ xB ) = 0 xB 2 C r = 1, 2, . . . , p (2)

where k i is the i th eigenvalue and wi (x) is the eigenfunction cor-
responding to k i , L is linear homogeneous differential operators of
order 2p, operator M is only a function of the spatial variables,
Br is a linear homogeneous differential operator involving deriva-
tives normal to the boundary and along the boundary through order
2p ¡ 1, and d (x) is a Dirac delta function. Here we assume that
k 1 · k 2 · k 3 . . ..

For simplicity, we assume that the operators Br depend on the
shape of the domain and the operators L and M are independentof
the shape of the domain.

Changes in the boundary shape C are de® ned by a vector ® eld
V (x) (see Fig. 1). By de® nition, a typical point x s 2 X s is given by

x s = x + s V (x) x 2 X

where s is a scalar.
The eigenproblemwith perturbed boundary shape can be written

as

L[wi s ] ¡ k i s Mwi s = 0 x s 2 X s (3)

Br s [wi s ]d (x ¡ xB s ) = 0 xB s 2 C s r = 1, 2, . . . , p (4)

where wi s and k i s are the i th eigenpairassociatedwith the perturbed
boundary shape and Br s is the perturbed boundary operator.

The eigenpair derivatives with respect to boundary shapes are
de® ned by

Çwi (x) ´ lim
s ! 0

wi s (x) ¡ wi (x)

s
(5)

Çk i ´ lim
s ! 0

k i s ¡ k i

s
(6)

Fig. 1 Boundary shape change,
x¿ = x + ¿V(x).
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III. Governing Equation Plus Boundary
Conditions for Ç̧

i and Çwi(x)

The governing equation with boundary conditions for Çwi and Çk i

can be obtained by differentiatingEqs. (3) and (4) with respect to s
at s = 0, respectively.

Differentiation of Eq. (3) with respect to s at s = 0 gives

L[ Çwi ] ¡ k i M Çwi = Çk i Mw i x 2 X (7)

Differentiationof Eq. (4) with respect to s at s = 0, using the chain
rules of differentiation,yields

Br [ Çw i ]d (x ¡ xB ) + ÇBr [wi ]d (x ¡ xB )

+ Br [w i ]
@d (x ¡ xB s )

@s

ê
ê
ê
ê s = 0

= 0 xB 2 C

r = 1, 2, . . . , p (8)

where ÇBr is de® ned by

ÇBr [w ] ´ lim
s ! 0

Br s [w] ¡ Br [w ]

s
(9)

Using the formula8 of d -calculus (see the Appendix), Eq. (8) can be
rewritten as

Br [ Çw i ]d (x ¡ xB ) = ¡ ÇBr [w i ]d (x ¡ xB)

¡ f grad(Br [wi ]) ¢ V (x) g d (x ¡ xB ) xB 2 C

r = 1, 2, . . . , p (10)

where the dot between grad(Br [wi ]) and V (x) denotes the scalar
product of the two vectors. Equations (7) and (10) form the govern-
ing equation with boundary conditions for Çwi and Çk i .

IV. Transformation of Equations (7) and (10) with
Nonhomogeneous Boundary Conditions

It is desirable to obtain the solution to Eqs. (7) and (10) using the
available eigenpairs of Eqs. (1) and (2) instead of solving Eqs. (7)
and (10) directly. Let us try the modal summation method because
it is a typical method to be used for such purpose. However, the
modal summation method cannot be directly applied to solution of
Eqs. (7) and (10) in their current form because of the nonhomoge-
neousboundaryconditionsin Eq. (10).To dealwith thisproblem,we
need to transform the operator of Eqs. (7) and (10) with nonhomo-
geneous boundary conditions to ones with homogeneousboundary
conditions.

Suppose that we can ® nd a function f (x) that satis® es the speci-
® ed boundary conditions in Eq. (10),

Br [ f ]d (x ¡ xB ) = ¡ ÇBr [wi ]d (x ¡ xB )

¡ f grad(Br [wi ]) ¢ V (x) g d (x ¡ xB ) xB 2 C

r = 1, 2, . . . , p

and is suf® ciently smooth so that (L[ f ] ¡ k i M f ) 2 L2(X ). Then
z(x) = Çwi (x) ¡ f (x) satis® es the equation

L[z] ¡ k i Mz = Çk i Mw i + k i M f ¡ L[ f ] x 2 X (11)

together with homogeneous boundary conditions

Br [z]d (x ¡ xB) = 0 xB 2 C r = 1, 2, . . . , p (12)

Thus we are able to transform the operatorof Eqs. (7) and (10) with
nonhomogeneous boundary conditions to ones with homogeneous
boundary conditions. Once z(x) is determined from Eqs. (11) and
(12), the solution to Eqs. (7) and (10) is given by

Çw i (x) = z(x) + f (x) (13)

V. Determination of f (x)

Considertheproblemofdetermining f (x),which is onlyrequired
to satisfy the speci® ed boundary conditions,

Br [ f ]d (x ¡ xB ) = ¡ ÇBr [wi ]d (x ¡ xB )

¡ f grad(Br [wi ]) ¢ V (x) g d (x ¡ xB ) xB 2 C

r = 1, 2, . . . , p

In fact, there are many f (x) that satisfy the preceding boundary
conditions. Since we have some room to select f (x) from its kind,
it isdesirableto selectsuch f (x) that it contributessigni® cantlyto Çwi

and takes fewer efforts to be determined. In this case, it is possible
to give an accurate Çwi even though smaller numbers of the ® rst
eigenfunctionsare used in modal summation method for obtaining
z(x). Liu et al.9 and Hu10 have shown that the accuracy for the
modal summation method can be dramatically improved if a static
response is added. Therefore, the solution to the following static
response problem to initial boundary deformations and/or forces is
speci® ed as f (x):

L[ f ] = 0 x 2 X (14)

with boundary conditions

Br [ f ]d (x ¡ xB ) = ¡ ÇBr [wi ]d (x ¡ xB )

¡ f grad(Br [wi ]) ¢ V (x) g d (x ¡ xB ) xB 2 C

r = 1, 2, . . . , p (15)

It can be seen that it is not dif® cult to obtain f (x) from Eqs. (14)
and (15), which is a static response problem to the speci® ed initial
boundary deformations or/and forces.

VI. Determination of Ç̧
i and z(x)

from Eqs. (11) and (12)
After f (x) is determined, Çk i and z(x) can be obtained from Eqs.

(11) and (12). Since the boundary conditions for z(x) in Eqs. (11)
and (12) are homogeneous, being compatible to Eqs. (1) and (2),
the eigenfunctions w j (x) form a complete set for z(x). Therefore,
z(x) can be expressed using the modal summation

z(x) =
1S j = 1

c j w j (x) (16)

where c j is a parameter to be determined.

A. Domain Integration for Ç̧
i, cj, and ci

For simplicity, we assume that k i is distinct. In case that k i

is repeated or closely spaced, Çk i should be determined from a
subeigenproblem.10±12 Introduction of Eq. (16) into Eq. (11), mul-
tiplicationof both sides of Eq. (11) with wi (x), and then integration
of the resultant equation in X yield

Çk i = ¡ *
X

( k i Mwi ) f (x) dX (17)

where the modal normalization,

*
X

Mw2
i dX = 1

is imposed.
Introduction of Eq. (16) into Eq. (11), multiplication of Eq. (11)

with w j (x), and then integrationof the resultantequation in X , after
orthogonalityof eigenfunctions is applied give

c j =
k i

k j ( k j ¡ k i ) *
X

( k j Mw j ) f (x) dX j 6= i (18)

To determineci we needto use thenormalizationequationofwi s (x),

*
X s

Mw2
i s dX s = 1
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Differentiation of the preceding expression with respect to s at
s = 0 gives

[ @

@s *
X s

Mw 2
i s dX s ]

ê
ê
ê
ê s = 0

= 0 (19)

Based on the formula provided in Ref. 11 (p. 197, Lemma 3.2.1),
Eq. (19) can be further rewritten as

*
X

2Mwi Çwi dX + * C
Mw 2

i [V (x) ¢ n] d C = 0 (20)

where n denotes the unit vector normal to the boundary C and out
of the domain.

Introduction of Eqs. (13) and (16) into Eq. (20) yields

ci = ¡
1

k i
*

X

( k i Mwi ) f (x) dX ¡
1

2 k i
* C

( k i Mw 2
i
)[V (x) ¢ n] d C

(21)
Equations(17), (18),and (21)are thedomain integrationexpressions
for Çk i , c j , and ci , respectively.

B. Boundary Integration for Ç̧
i and cj

After substitution of L[w j ] for k j Mw j in Eqs. (17), (18), and
(21), we have thus in place of Eqs. (17), (18), and (21)

Çk i = ¡ *
X

L[w i ] f (x) dX (22)

c j =
k i

k j ( k j ¡ k i ) *
X

L[w j ] f (x) dX j 6= i (23)

ci = ¡
1

k i
*

X

L[w i ] f (x) dX ¡
1

2 k i
* C

( k i Mw2
i
)[V (x) ¢ n] dC

(24)

On many occasions it is possible to perform an integration by parts
on

*
X

L[w j ] f (x) dX

and replace it by an alternative statement of the form

*
X

L[w j ] f (x) dX = * C
E[w j ]F[ f ] d C (25)

In this the operators E and F contain lower-order derivatives than
those occurring in operator L . As can be seen from Eq. (15), the
boundary values of f (x) can be linked explicitly to the boundary
values of wi (x), and thus one has

F[ f ]d (x ¡ xB ) = C [wi ]d (x ¡ xB ) (26)

where C is boundary operator.
After introduction of Eqs. (25) and (26) into Eqs. (22±24), the

domain integration expressions Eqs. (17), (18), and (21) can be
transformed into their boundary integration expressions

Çk i = ¡ * C
E[w i ]C[wi ] d C (27)

c j =
k i

k j ( k j ¡ k i ) * C
E[w j ]C[w i ] dC j 6= i (28)

ci = ¡
1

k i
* C

E[w i ]C [wi ] d C ¡
1

2 k i
* C

( k i Mw 2
i
)[V (x) ¢ n] d C

(29)

Therefore, Çk i , c j , and ci can be obtained without f (x) involved
when the boundary integration Eqs. (27±29) are applied.

C. Determination of Çwi(x)
After obtaining f (x), c j , and ci , Çwi can be determined from Eqs.

(13) and (16), i.e.,

Çwi = f (x) +
1S j = 1

c j w j (x)

¼ f (x) +
N

S j = 1

c j w j (x) (30)

When Eq. (30) is used in practical computations, only the ® rst few
available eigenfunctionsare included in the series with unavailable
highereigenfunctionstruncated.Therefore, the accuracyof Eq. (30)
is an important issue.As can be seen from Eq. (28), the denominator
of c j is k j ( k j ¡ k i ). This means that the convergent rate of c j

is in k ¡ 2
j .

VII. Example
Consider the ¯ exible vibration of the beam shown in Fig. 2. The

correspondingeigenproblemis

L[w i ] ¡ k i Mwi = 0 0 < x < l

together with boundary conditions

B1wi (x) d (x ¡ xB ) = 0 xB = 0, l

B2wi (x) d (x ¡ xB ) = 0 xB = 0, l

where L ´ E J (@4/@x4), M ´ q , B1 ´ 1, and B2 ´ E J (@2/ @x2).
Its i th eigenfunctionand i th eigenvalue are

w i (x) = Ï (2/ q l) sin(i p x/ l) k i = (i p / l )4(E J/ q )

Suppose that the shapedesignvelocity ® eld is givenby V (x) = x/ l.
Then the length of the beam with perturbed domain equals to l + s .
Thus the i th eigenfunctionand the i th eigenvalue of the beam with
the perturbed domain are

wi s (x) = ! 2

q (l + s )
sin

i p x

l + s
k i = ( i p

l + s )
4

( E J

q )

A. Analytical Expressions for Ç̧
i and Çwi

Differentiation of k i s and wi s (x) given earlier with respect to s
gives the analytical expressions for Çw i and Çk i ,

Çw i (x) = ¡
1

l p 2q l
sin

i p x

l ¡
i p x

l2 ! 2

q l
cos

i p x

l

Çk i s = ¡ 4(i p / l)4(E J/ q l)

B. Determination of Ç̧
i and Çwi Using the Present Method

From Eqs. (14) and (15), one obtains the governing equation for
f (x)

E J
@4 f (x)

@x4 = 0 0 < x < l

Fig. 2 Perturbed boundary beam with V(x) = x/L.
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with boundary conditions

f (x) d (x ¡ xB ) = ¡
@wi

@x
V (x) d (x ¡ xB ) xB = 0, l

E J
@2 f

@x2
d (x ¡ xB ) = ¡ E J

@3wi

@x3
V (x) d (x ¡ xB ) xB = 0, 1

which is just a static response problem to the initial boundary de-
formations and/or forces.

The solution to this problem is easily obtained:

f (x) = [ l

6

@3wi (x)

@x3

ê
ê
ê
ê x = l

¡
1

l

@wi (x)

@x

ê
ê
ê
ê x = l

] x ¡ [ 1

6l

@3wi (x)

@x3

ê
ê
ê
ê x = l

]x3

Thus, Çk i can be determined using the direct domain integration
Eq. (17):

Çk i = ¡ * l

0

k i q wi (x) f (x) dx

= 2( E J
@3wi

@x3

ê
ê
ê
ê x = l

) @wi

@x

ê
ê
ê
ê x = l

= ¡ 4( i p

l )
4

E J

q l

As an alternative, Çk i can also be determined from the boundary
integration Eq. (22):

Çk i = ¡ * l

0

E J
@4wi (x)

@x4
f (x) dx

= ¡ [E J
@3w i (x)

@x3
f (x) ¡ E J

@2wi (x)

@x2

@f

@x

+ E J
@wi (x)

@x

@2 f

@x2 ¡ E Jwi

@3 f

@x3 ]
ê
ê
ê
ê x = l

+ [E J
@3w i (x)

@x3
f (x) ¡ E J

@2wi (x)

@x2

@f

@x

+ E J
@wi (x)

@x

@2 f

@x2 ¡ E Jwi

@3 f

@x3 ]
ê
ê
ê
ê x = 0

= 2( E J
@3wi

@x3

ê
ê
ê
ê x = l

) @wi

@x

ê
ê
ê
ê x = l

= ¡ 4( i p

l )
4

E J

q l

In the same way as determination of Çk i , one can obtain c j and ci

using the domain integration Eqs. (18) and (21) or the boundary
integration Eqs. (28) and (29):

c j = ¡
k i

k j ( k j ¡ k i ) * l

0

k j q w j f (x) dx

= ¡
k i

k j ( k j ¡ k i ) {[E J
@3w i (x)

@x3 ] @w j (x)

@x

+ [E J
@3w j (x)

@x3 ] @w i (x)

@x }
ê
ê
ê
ê x = l

j 6= i

ci = ¡
1

k i
* l

0

k i q w i f (x) dx

¡
1

2 k i
{[k i q w 2

i V (x)]êê x = l ¡ [k i q w2
i V (x)]êê x = 0}

= 2
1

k i {[E J
@3w i (x)

@x3 ] @w i (x)

@x }
ê
ê
ê
ê x = l

Table 1 Comparison of error for eigenfunction derivative Çw1

Number of the ® rst
eigenfunctions used
in Eq. (30) 1 2 3 4

Error, %, with f (x ) 0.0174 0.0022 0.0001 0.0000
included in Eq. (30)

Error, %, without f (x ) 494.6 489.3 489.0 488.9
included in Eq. (30)

Table 2 Comparison of error for eigenfunction derivative Çw2

Number of the ® rst
eigenfunctions used
in Eq. (30) 2 3 4 5

Error, %, with f (x ) 1.5058 0.0495 0.0045 0.0007
included in Eq. (30)

Error, %, without f (x ) 2780 2767 2766 2766
included in Eq. (30)

Table 3 Comparison of error for eigenfunction derivative Çw3

Number of the ® rst
eigenfunctions used
in Eq. (30) 3 4 5 6

Error, %, with f (x ) 3.6163 0.1966 0.0250 0.0048
included in Eq. (30)

Error, %, without f (x ) 10,858 10,840 10,838 10,837
included in Eq. (30)

Table 4 Comparison of error for eigenfunction derivative Çw4

Number of the ® rst
eigenfunctions used
in Eq. (30) 4 5 6 7

Error, %, with f (x ) 5.8718 0.4380 0.0696 0.0159
included in Eq. (30)

Error, %, without f (x ) 31,164 31,143 31,140 31,139
included in Eq. (30)

Table 5 Analysis of eigenfunction derivative Çw1

x

Coordinate of x 0 0.21 0.41 0.61 0.81 1

f (x ) 0.00 2.29 4.23 5.47 5.65 4.44
C1W1(x ) 0.00 ¡ 3.32 ¡ 5.38 ¡ 5.38 ¡ 3.32 0.00
w1 »= f (x ) + c1w (x ) 0.00 ¡ 1.03 ¡ 1.15 0.09 2.33 4.44
w1(x ) (exact) 0.00 ¡ 1.13 ¡ 1.22 0.15 2.45 4.44

As can be seen from the preceding development, the explicit ex-
pression for Çk i matches exactly its analytical expression.

C. Numerical Comparison

To illustrate numerically the convergent rate of Eq. (30) and the
contribution of f (x) to Çwi , the following numerical comparisons
are listed in Tables 1±5.

In this numerical example, the parameters of the beam shown in
Fig. 2 are given by E J = 1.0 £ 10¡ 4 Nm2, l = 1.0 m, and q (mass
per length) = 1.0 kg/m. For comparison, the error is de® ned as

error ´ S n
j = 0 { Çw i [( j/ n)l] ¡ Çwa

i [( j/ n)l]}
2

S n
j = 1 f Çw i [( j/ n)l]g 2

where Çwa
i (x) is the approximate to Çwi (x).

The numerical values in Tables 1±5 con® rm the following:
1) The term f (x) contributes signi® cantly to Çwi . If f (x) is not

included in the series of Eq. (30), the ® nal result will be misleading
no matter how many terms of eigenfunctions are included in that
series.

2) The convergent rate is fast in terms of the number of ® rst
eigenfunctions used in Eq. (30). When the number of the ® rst
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eigenfunctions used for summation is about i + 2, the error can
be reduced to less than 1.0%.

VIII. Conclusion
For distributed parameter systems, exact design derivatives of

eigenvaluesand eigenfunctionswith respect to boundary shapes are
derived in this paper. A beam example is given to illustrate the
method and its validity. The results show that the set of eigenfunc-
tions is not complete for Çw i (x) in the sense of modal summation
method for calculationof Çwi (x) due to the nonhomogeneousbound-
ary conditions of Çwi (x). However, the set of the eigenfunctions
w j (x) can be complete for z(x) after a transformation Çwi (x) =
z(x) + f (x) is introduced. Therefore, f (x), which is easy to eval-
uate by solving a static response problem to the speci® ed boundary
deformations and/or forces, must not be ignored when calculating
Çw i (x) using Eq. (30). The results also show that the denominator

of c j is proportial to k j ( k j ¡ k i ). This means that the convergent
rate in the series of Eq. (30) is k ¡ 2

j . Such satisfactory convergent
property is attributed to f (x).

Appendix: ±-Function Properties
For the convenienceof readers, we have listed the de® nitions and

majorpropertiesof d -functionused in thispaper,whichcan be found
in the textbooks of mathematical physics.

De® nitions:

* + 1
¡ 1

f (x) d (x) dx ´ f (0) (A1)

* + 1
¡ 1

f (x)
dd (x)

dx
dx ´ ¡

d f (x)

dx

ê
ê
ê
ê x = 0

(A2)

Properties:

* + 1
¡ 1

f (x ¡ a) d (x) dx = f (a) (A3)

* + 1
¡ 1

f (x)
dd (x ¡ a)

da
dx =

d f (x)

dx

ê
ê
ê
ê x = a

(A4)

In a similar way, one can extend the d -function mentioned earlier to
multiple dimensions:

*
X

f (x) d (x ¡ xB s ) dX ´ f (xB s ) (A5)

where x and xB s are vectors and xB s = x + s V (x).

Differentiation of the preceding equation with respect to s at
s = 0 gives

*
X

f (x)
dd (x ¡ xB s )

d s

ê
ê
ê
ê s = 0

dX = f grad[ f (x)]g ¢ V (x) d (x ¡ xB )

(A6)
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