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This work focuses on how changes of boundary shapes affect eigenvalues and eigenfunctions in continuous
systems. The governing equation, plus its boundary conditions for the eigenpair derivatives, is derived using the
O-function method, which can facilitate the differentiation of boundary conditions with respect to boundaryshapes.
Even thoughthe eigenproblem equation with its corresponding boundary conditions is homogeneous, the governing
equation with its boundary conditions for the eigenpair derivatives may be nonhomogeneous. A transformation
method is proposed to transform the differential equation with nonhomogeneous boundary conditions into a new
problem with homogeneous boundary conditions so that the eigenfunctions form a complete set for this new
problem.The explicit results for the eigenpair derivatives are given, and an example is presented to illustrate the

method and its validity.

I. Introduction

ESIGN derivatives of eigenpairs with respect to design vari-

ables are particularly useful in the design of structural vibra-
tional systems and attract much interest in research fields. Although
design derivatives of eigenpairs with respect to the changes in siz-
ing variables (such as thickness of a plate) have been widely and
deeply investigated, design derivatives of eigenpairs with respect
to the changes in boundary shapes are less developed. Rousselet
and Haug' formulated the dependence of eigenvalues on the shape
of plates and plane elastic solids. Liu et al.2 and Hu et al.® pre-
sented a method to formulate the derivatives of eigenpairsof a beam
with respect to in-span support location. Wang* used the classical
normal modal method to derive the formulas of eigenvalue deriva-
tives with respect to in-span support location. Chuang and Hou®
and Hou and Chuang® used the material derivative method to de-
rive the formulas of eigenvalue derivatives with respect to in-span
support locations. Liu and Mote’ addressed the discrete approach
for calculation of eigenvalue derivatives with respect to constraint
locationsusing generalizedRayleigh principle. However, the deriva-
tion of eigenpairderivatives with respectto boundary shape appears
to have not been brought to closure. In particular, the derivatives
of eigenfunctions with respect to boundary shapes need to be fur-
ther addressed. In this paper, a method is presented to derive ex-
plicit results for the eigenpair derivatives with respect to bound-
ary shape variables. The S-calculus method is used to facilitate
the differentiation of the boundary conditions with respect to the
boundary shapes. Even though the eigenproblem equation with its
correspondingboundary conditions is homogeneous, the governing
equation with its boundary conditions for the eigenpair derivatives
may be nonhomogeneous. A transformation method is proposed to
transformthe differentialequation with nonhomogeneousboundary
conditions into a new problem with homogeneous boundary con-
ditions so that the eigenfunctions form a complete set for this new
problem. An example is presented to illustrate the method and its
validity.

II. Technical Description

The closed, bounded, and regular domain of an elastic structure
is denoted by €2 for which the interior is £2 and boundary is I". A
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typical point in £2is denoted by x. The class of eigenvalue problems
under discussion is defined through the operator equation
Liw ] _AMw;, =0 (D

Sp (2

XE'Q

B.[wi]ldx _x5) =0 Xg EF r=1,2,..
where 4; is the ith eigenvalue and w;(x) is the eigenfunction cor-
respondingto 4;, L is linear homogeneous differential operators of
order 2p, operator M is only a function of the spatial variables,
B, is a linear homogeneous differential operator involving deriva-
tives normal to the boundary and along the boundary through order
2p _1,and &x) is a Dirac delta function. Here we assume that
M <ch <X

For simplicity, we assume that the operators B, depend on the
shape of the domain and the operators L and M are independentof
the shape of the domain.

Changes in the boundary shape I are defined by a vector field
V(x) (see Fig. 1). By definition, a typical point x, EQT is given by
x;=x+ 7V (x) b E.Q

where T is a scalar.
The eigenproblem with perturbed boundary shape can be written
as

L{wi:] —AeMwi =0 (3)

NG

Xz EQT

B [wir]dx _x3;)=0 Xpr EFT r=12,...
where w;; and A; are the ith eigenpairassociated with the perturbed
boundary shape and B, ; is the perturbed boundary operator.

The eigenpair derivatives with respect to boundary shapes are

defined by

wir(x) —w;(x)

Wi(x) = lim . ®)
%  lim 2r=% (6)
—17_,0 T

L
m Fig.1 Boundary shape change,
r nl- xr = x+ TV(x).
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III.  Governing Equation Plus Boundary
Conditions for A; and w;(x)

The governing equation with boundary conditions for w; and A,
can be obtained by differentiating Eqs. (3) and (4) with respectto T
at T = 0, respectively.

Differentiation of Eq. (3) with respectto 7 at T = 0 gives

L] — XA Miv; = X Mw, x g (7
Differentiationof Eq. (4) with respectto 7 at T = 0, using the chain
rules of differentiation, yields

B.[w;]&x _xp) + Br[wi]&x —X8)

a&x —Xg7)

+ Br[wyi] aT
=0

=0 XB€F

r=12,....p (8
where B, is defined by

o Br W] — Br )
B, [w] = lim M 9)
—1_,0 T
Using the formula® of &-calculus (see the Appendix), Eq. (8) can be
rewritten as

Br[wi]&x —Xp) = —Br[wi]&x —X3)

—ferad(B[w,]) VN —xn)  xa gl

r=12...,p (10)

where the dot between grad(B,[w;]) and V' (x) denotes the scalar
product of the two vectors. Equations (7) and (10) form the govern-
ing equation with boundary conditions for w; and 4;.

IV. Transformation of Equations (7) and (10) with
Nonhomogeneous Boundary Conditions

It is desirable to obtain the solution to Egs. (7) and (10) using the
available eigenpairs of Egs. (1) and (2) instead of solving Egs. (7)
and (10) directly. Let us try the modal summation method because
it is a typical method to be used for such purpose. However, the
modal summation method cannot be directly applied to solution of
Egs. (7) and (10) in their current form because of the nonhomoge-
neous boundaryconditionsin Eq. (10). To deal with this problem, we
need to transform the operator of Eqs. (7) and (10) with nonhomo-
geneous boundary conditions to ones with homogeneous boundary
conditions.

Suppose that we can find a function f(x) that satisfies the speci-
fied boundary conditions in Eq. (10),

B.[f1dx _xp) = _B,[w,»]@(x __Xp)
—{grad(Br[Wi]) .V(X)}&X—XB) Xp EF
r=12,....,p

and is sufficiently smooth so that (L[ /] — A Mf) €L2(.Q)A Then
z(x) = w;(x) _ f(x) satisfies the equation

L[z] _AMz= A Mw,+ A Mf _L[f] xgQ (1
together with homogeneous boundary conditions
B.[z]dx _x5) =0 Xg EF r=12,...,p (12)

Thus we are able to transform the operator of Egs. (7) and (10) with
nonhomogeneous boundary conditions to ones with homogeneous
boundary conditions. Once z(x) is determined from Eqs. (11) and
(12), the solution to Eqgs. (7) and (10) is given by

wi(x) = z(x) + f(x) (13)

V. Determination of f(x)

Considerthe problemof determining f(x), whichis only required
to satisfy the specified boundary conditions,

Br[f]&x —Xxp) = —Br[wi]&x —Xp)

—ferad(B[w,]) Vx —xn) gl

r=12,....,p

In fact, there are many f(x) that satisfy the preceding boundary
conditions. Since we have some room to select f(x) from its kind,
itisdesirableto selectsuch f(x)thatit contributessignificantlyto w;
and takes fewer efforts to be determined. In this case, it is possible
to give an accurate w; even though smaller numbers of the first
eigenfunctionsare used in modal summation method for obtaining
z(x). Liu et al.’ and Hu'" have shown that the accuracy for the
modal summation method can be dramatically improved if a static
response is added. Therefore, the solution to the following static
response problem to initial boundary deformations and/or forces is
specified as f(x):

Lf1=0

with boundary conditions
B f18x —x) = —B,[w;)8x —xs)
— {erad(B[w]) V(x)}ox —x5)

¥ g0 (14)

XB€F
r=12,....,p (15)

It can be seen that it is not difficult to obtain f(x) from Egs. (14)
and (15), which is a static response problem to the specified initial
boundary deformations or/and forces.

VI. Determination of A; and zx)
from Eqs. (11) and (12)

After f(x) is determined, A; and z(x) can be obtained from Egs.
(11) and (12). Since the boundary conditions for z(x) in Egs. (11)
and (12) are homogeneous, being compatible to Egs. (1) and (2),
the eigenfunctions w ;(x) form a complete set for z(x). Therefore,
z(x) can be expressed using the modal summation

z(x) = icjwj(x) (16)

where ¢; is a parameter to be determined.

A. Domain Integration for Ay cj, and ¢;

For simplicity, we assume that A; is distinct. In case that A
is repeated or closely spaced, 4; should be determined from a
subeigenproblem!°~!2 Introduction of Eq. (16) into Eq. (11), mul-
tiplicationof both sides of Eq. (11) with w;(x), and then integration
of the resultant equation in 2 yield

Z:_]mMmMuMQ (17)
Q
where the modal normalization,
Mw ,2 dQ=1
Q

is imposed.

Introductionof Eq. (16) into Eq. (11), multiplicationof Eq. (11)
with w;(x), and then integrationof the resultantequationin £2, after
orthogonality of eigenfunctionsis applied give

oM
TN (A =)

To determine ¢; we needto use the normalizationequationof w;(x),

](%Mwﬁ@«? jFi 1y
Q

] Mw} dQ, =1
Q
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Differentiation of the preceding expression with respect to T at

7= 0 gives
g M
7 o, w?

Based on the formula provided in Ref. 11 (p. 197, Lemma 3.2.1),
Eq. (19) can be further rewritten as

(19)

] 2Mw;w; dQ+ ] Mw?[V(x) n]dT=0 (20)
Q T

where n denotes the unit vector normal to the boundary I"and out
of the domain.
Introduction of Egs. (13) and (16) into Eq. (20) yields

¢ = ).,] (AMw)) f(x)dQ _ ).,] (A MwH[V(x) pldl

(21

Equations(17),(18),and (21)arethe domain integrationexpressions
for A;, ¢;, and ¢;, respectively.

B. Boundary Integration for A; and ¢
After substitution of L[w] for A; Mw; in Egs. (17), (18), and
(21), we have thus in place of Egs. (17), (18), and (21)

A= ] Lwil /()42 (22)

_ A y .
¢ = W]QL[‘M]f(X)dQ JFi (23)

c,»:_%] [wilf(x)dQ_ w

] (A MwD[V(x) n]dT
(24)

On many occasions it is possible to perform an integration by parts
on

] Liw;]f(x)dQ
Q

and replace it by an alternative statement of the form

]QL[wj]f(x)d_Q:]FE[wj]F[f]dF (25)

In this the operators E and F contain lower-order derivatives than
those occurring in operator L. As can be seen from Eq. (15), the
boundary values of f(x) can be linked explicitly to the boundary
values of w;(x), and thus one has
FLf18x —xp) = Clw;18x _xp) (26)
where C is boundary operator.
After introduction of Egs. (25) and (26) into Eqgs. (22-24), the
domain integration expressions Eqs. (17), (18), and (21) can be
transformed into their boundary integration expressions

A= _ ] ; E[w;1C[w;]dT (27)
¢ = 7@ 7@)] E[w,1Cw,;]dT iFi @9

¢ = _)"] E[w;1C[w;1dT _ ! ] (A MwH[V(x) pldl

22
(29)

Therefore, ﬂ,», ¢;, and ¢; can be obtained without f(x) involved
when the boundary integration Egs. (27-29) are applied.

C. Determination of w;(x)
After obtaining f(x), ¢;, and ¢;, w; can be determined from Egs.
(13)and (16), i.e.,

wi = f(x)+ icjwj(x)

N

~ /() + chwj(x) (30)

When Eq. (30) is used in practical computations, only the first few
available eigenfunctionsare included in the series with unavailable
highereigenfunctionstruncated. Therefore, the accuracy of Eq. (30)
is an importantissue. As can be seen from Eq. (28), the denominator
of ¢; is A;(4; — ). This means that the convergent rate of c;
isin );24

VII. Example

Consider the flexible vibration of the beam shown in Fig. 2. The
corresponding eigenproblem is

Liw, ] _AMw, =0 0<x</
together with boundary conditions

Bw,(x)&x _x5) =0 xg=0,1

Bw (x)&x _x5) =0 xg=0,1

where L — EJ(0*/0x*), M —p, By =1,and B, —
Its ith elgenfunctlon and ith elgenvalue are

wi(x) = A2/ pl) sin(i 7cx/ 1)

Suppose thatthe shape design velocity field is givenby V' (x) = x/ /.
Then the length of the beam with perturbed domain equalsto / + 7.
Thus the ith eigenfunctionand the ith eigenvalue of the beam with
the perturbed domain are

— 4
2 . Iimx i EJ
wir(x) = —p(l+r)sm_l+‘c ).,»_(Z+T)(—p)

= EJ(0%/0x?).

A = (inl D*(EJ/ p)

A. Analytical Expressions for A; and i;
Differentiation of A;; and w;(x) glven earlier with respectto 7
gives the analytical expressions for w; and ).,
. 1 Cinx  imx |2 i7Tx
wi(x) = _———=sin— _ —— |—cos—

! 200 I~ I Alpl /
Ae= _a(inl *(EJ] pl)

B. Determination of A; and i; Using the Present Method
From Egs. (14) and (15), one obtains the governing equation for

J )

84f(X)

EJ Fpe =0 0<x</
| 5 |
AN AN

| L+z
WANS

Fig.2 Perturbed boundary beam with V(x) = x/L.
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with boundary conditions

ow;

J)&x Xp) = 5V )&x

EJ—f X _Xp)= _

xp=0,1

xp=0,1

1 ow; owi(x)
_l T ox

formations and/or forces.
_| L i 3
U [ 6 0x3 0x3 le]x

which is just a static response problem to the initial boundary de-
The solution to this problem is easily obtained:
[ O3wi(x) ] [ 1 3w;(x)
Thus, 4 can be determined using the direct domain integration
Eq. (17):

2

1l
_ / Apwi () () dx
0

)%
x=1/ 5x x=1/
:_4(1'_%)@

) o

As an alternative, )., can also be determined from the boundary
integration Eq. (22):

Pw;
0x3

2( EJ

A= _] IEJa 2 foyax
0
- _[EJa i (X)f( o (X)a—f
ax? ox
+ EJa‘g’ix)gz—f _EJw a—f]
EJa i (X) o erZ g Ex) gi
s 2]
- z( EJaa o :1) % _
Sk

In the same way as determination of 2,», one can obtain ¢; and ¢;
using the domain integration Eqs. (18) and (21) or the boundary
integration Eqs. (28) and (29):

A I
cj:_)‘( )'1)1 Aipw; f(x)dx

_ A 0*w;(x)] 0w ;(x)
‘—xj(zj_a,){[” v | ox

0*w ;(x) ] owi(x)
0x3 ox

+ | EJ

JFi

x=1

Ci

—%]Olﬁfpwif(X)dx

x=1 _[)"pw'zV(X)]‘ x:O}

oL 1 {[EJa w;i(x) 5w»(x)}

1
- {ApwiV (0]

A ox3 Ox

x=1

Table1 Comparison of error for eigenfunction derivative

Number of the first

eigenfunctions used

in Eq. (30) 1 2 3 4

Error, %, with f(x) 0.0174 0.0022 0.0001 0.0000
included in Eq. (30)

Error, %, without f(x) 494.6 489.3 489.0 488.9

included in Eq. (30)

Table2 Comparison of error for eigenfunction derivative i,

Number of the first

eigenfunctions used

in Eq. (30) 2 3 4 5

Error, %, with f(x) 1.5058 0.0495 0.0045 0.0007
included in Eq. (30)

Error, %, without f(x) 2780 2767 2766 2766

included in Eq. (30)

Table3 Comparison of error for eigenfunction derivative s

Number of the first

eigenfunctions used

in Eq. (30) 3 4 5 6
Error, %, with f(x) 3.6163 0.1966 0.0250 0.0048

included in Eq. (30)
Error, %, without f(x) 10,858 10,840 10,838 10,837
included in Eq. (30)

Table4 Comparison of error for eigenfunction derivative iy

Number of the first

eigenfunctions used

in Eq. (30) 4 5 6 7
Error, %, with f(x) 5.8718 0.4380 0.0696 0.0159

included in Eq. (30)
Error, %, without f(x) 31,164 31,143 31,140 31,139
included in Eq. (30)

Table S Analysis of eigenfunction derivative iy

X

Coordinate of x 0 0.21 0.41 0.61 0.81 1

f(x) 0.00 2.29 4.23 5.47 5.65 4.44
C1Wi(x) 0.00 _3.32 _538 _538 _3.32 0.00
wi= f(x)+cw(x) 0.00 _1.03 _1.15 0.09 2.33 4.44
wi(x) (exact) 0.00 _1.13 _1.22 0.15 245 4.44

As can be seen from the preceding development, the explicit ex-
pression for A; matches exactly its analytical expression.

C. Numerical Comparison

To illustrate numerically the convergentrate of Eq. (30) and the
contribution of f(x) to w;, the following numerical comparisons
are listed in Tables 1-5.

In this numerical example, the parameters of the beam shown in
Fig. 2 are givenby EJ = 1.0, 10~* Nm?, / = 1.0 m, and p (mass
per length) = 1.0 kg/m. For comparison, the error is defined as

SU_y el mn v [Glmny
= Y= il iy

where w(x) is the approximateto w, (x).

The numerical values in Tables 1-5 confirm the following:

1) The term f(x) contributes significantly to w;. If f(x) is not
included in the series of Eq. (30), the final result will be misleading
no matter how many terms of eigenfunctions are included in that
series.

2) The convergent rate is fast in terms of the number of first
eigenfunctions used in Eq. (30). When the number of the first

€1ror
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eigenfunctions used for summation is about i + 2, the error can
be reduced to less than 1.0%.

VIII. Conclusion

For distributed parameter systems, exact design derivatives of
eigenvaluesand eigenfunctionswith respect to boundary shapes are
derived in this paper. A beam example is given to illustrate the
method and its validity. The results show that the set of eigenfunc-
tions is not complete for w;(x) in the sense of modal summation
method for calculationof w;(x) due to the nonhomogeneousbound-
ary conditions of w;(x). However, the set of the eigenfunctions
w;(x) can be complete for z(x) after a transformation w;(x) =
z(x) + f(x) is introduced. Therefore, f(x), which is easy to eval-
uate by solving a static response problem to the specified boundary
deformations and/or forces, must not be ignored when calculating
w;(x) using Eq. (30). The results also show that the denominator
of ¢; is proportialto A;(A; _ A;). This means that the convergent
rate in the series of Eq. (30) is ),j—z‘ Such satisfactory convergent
property is attributed to f(x).

Appendix: 6-Function Properties
For the convenience of readers, we have listed the definitions and
major propertiesof &-functionused in this paper, which can be found
in the textbooks of mathematical physics.

Definitions:
] % f(x)8x) dx = £(0) (A1)
(o]
] 100380 4, YW (A2)
—00 dx =7 dx |-
Properties:
] ®f(x _a)&x)dx = f(a) (A3)
(o]
] +Oof(x) d&(x _a) d = df(x) (Ad)
—0 da dx |._,

In a similar way, one can extend the &-function mentioned earlier to
multiple dimensions:

] H08x a0 dQ = /() (AS)

where x and x . are vectors and xg; = x + TV (x).

Differentiation of the preceding equation with respect to T at
7= 0 gives

d&x —Xg7)
] R SO

Q= {grad[f(x)]} J(x)&x _xp)
=0 (A6)
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